Abstract. We examine a model for non-Fickian \sorption overshoot" behavior in di usive polymer-penetrant systems. The equations of motion proposed by Cohen and White SIAM J. Appl. Math., 51 (1991), pp. 472{483] are solved for two-dimensional problems using matched asymptotic expansions. The phenomenon of shock formation predicted by the model is examined and contrasted with similar behavior in classical reaction-di usion systems. Mass uptake curves produced by the model are examined and shown to compare favorably with experimental observations. This paper is dedicated to Joseph B. Keller on the occasion of his 70th birthday.
1. Introduction. Polymeric materials have many distinguishing properties that di erentiate them from classical materials. These properties lead to nontraditional e ects that are being exploited to yield innovative new technologies. Widespread uses of polymers in engineering, scienti c, and commercial applications necessitate development of theories that will accurately describe their behavior. Numerous experiments have produced a broad range of nonlinear phenomena generically called \non-Fickian behavior" which cannot be explained using the classical di usion model 4], 22] . A model proposed to describe the \sorption overshoot" behavior will be examined here. This paper extends the model presented by Cohen and White 3] , 4] to two-dimensional problems and analyzes aspects of the shock formation and mass-uptake characteristics of the model. In x2 we derive the model for the viscoelastic di usive system. In x3 the initialboundary value problem is formulated and its time-independent solution is analyzed. Section 4 presents a solution of the problem using the method of matched asymptotic expansions. In x5 we compare our system to classical reaction-di usion systems and examine the nature of shock formation. Finally, in x6 we conclude with an analysis of the mass-uptake curves produced by the model. Various experimentally observed behaviors in polymer di usion cannot be explained using (2.3). One class of absorption experiments consists of measuring massuptake and concentration of a penetrant in a thin polymer lm substrate. The mass of penetrant absorbed by the polymer lm increases sharply with time until some point when it begins to decrease gradually to a steady-state value. This behavior is called \sorption overshoot." Thomas and Windle 21] observed viscoelastic relaxation processes as the large polymer molecules rearrange (bend, twist, and shift position) during the di usion process and suggest that the ux contain a term re ecting this e ect. Vrentas, Duda, and Hou similarly suggest that this kind of \sluggish" mechanical relaxation is responsible for overshoot 22] . Once the importance of a relaxation mechanism is recognized, it is clear that the classical di usion models, all of which ignore this mechanism, are incapable of describing the observed phenomena.
Cohen and White suggest a ux containing a contribution from viscoelastic stress in the polymer lm. Such a form is J = ?(Drc + Er ); (2.5) where E is a positive stress-di usion coe cient. If we assume that the di usion of the penetrant in the polymer substrate does not cause any deformations or deviatoric stresses (or if deviatoric stresses are negligible) then we may take the stress to be isotropic, = 1, and the ux becomes The properties of the polymer material are speci ed by giving the constant and the function 1= (c), the mechanical relaxation time for the polymer substrate as a function of the penetrant concentration. For low penetrant concentrations the polymer is in a relatively in exible \glassy" state with a long relaxation time 1= G . For higher penetrant concentrations the polymer takes on a more responsive \rubbery" state with shorter relaxation time 1= R , R > G . This change in state occurs at a rubberglass transition concentration c RG over a range of concentrations of order and can be modeled using in which a hereditary (or memory) integral 3], 4] is explicitly displayed. While the form (2.10) is useful for many purposes, for our analysis we will consider the coupled system (2.1), (2.6), (2.7).
An alternate and perhaps more general derivation of the model is given by energy considerations in the system. For polymer-penetrant systems near the glassrubber transition where molecular di usion and relaxation are the dominant physical mechanisms, the integro-di erential model (2.10) is particularly appealing even when signi cant deformation and shear occurs. To derive this model under these broader conditions we can proceed as follows: if U is, in some sense, the internal energy density In addition to di usive transport, the various phenomena which contribute to the relaxation process will increase the system's internal energy and also its chemical potential. Thus, to the di usive potential 0 we add a potential due to relaxation. Furthermore, we argue that must have the form typical of all relaxation processes 19], namely a hereditary integral. Therefore, the total chemical potential is given by In using the speci c form (2.16) for studies of Case II transport, we have found it convenient to replace (2.16) by a pair of coupled di erential equations, as was considered earlier in this section (2.1), (2.6), (2.7). These equations subject to various appropriate initial and boundary conditions at xed and moving boundaries constitute well-posed formulations for a wide spectrum of problems.
It should be noted that standard equilibrium boundary conditions (Dirichlet, Neumann, or a linear combination of the two) do not accurately model physical phenomena in many cases. It is necessary to account for the nonequilibrium contribution to the chemical potential because of relaxation e ects. These considerations yield more complicated time-dependent boundary conditions and are discussed more fully in 15] and 16]. In 15] there is also a discussion of the still more complicated conditions to be imposed at moving boundaries.
3. The Problem. We will consider a two-dimensional initial-boundary value problem on a nite domain, 0 < X < L; 0 < Y < L Y , corresponding to a cross-section of a polymer lm in a sorption experiment. For simplicity, the di usion coe cients D, E will be taken to be constant and isotropic and the substrate will be initially dry, \unstressed" polymer (3.1c). Concentration on the left and right edges of the domain are given (3.1d), and the top and bottom edges of the domain have insulated (no-ux) boundary conditions (3.1e). It will be shown that (3.3a-e) approaches a steady-state solution as t ! 1. Determination of this solution requires an examination of the full initial-boundary problem. However, a preliminary consideration of the time-independent solutions of (3.3a-e) provides some insights to the problem. A time-independent solution, u(x; y), s(x; y), of (3.3a-e) must satisfy r 2 (u + s) = 0; We recast (3.4a-d) in a more convenient form in terms of the variable w given by w(x; y) = u(x; y) + s(x; y): (3.6) It is also useful to de ne the function W (u) as
Using (3.6) and (3. Problem (3.8a-c) is a Laplace problem for w with Dirichlet-Neumann boundary conditions. From (3.5)-(3.7) we see that u is related to w through w(x; y) = W (u(x; y)): (3.9) It is necessary to invert (3.9) at each point (x; y) in the domain to nd u in terms of w. Since the inverse function u = W ?1 (w) is triple-valued in part of its range for su ciently small in (3.2d) (see Fig. 2 ), the solution u(x; y) will generally be a triplevalued surface (see the triple-valued surface plotted in Fig. 3 ). This multivalued timeindependent solution cannot be the steady-state solution of (3.3a-e). This leads us to suspect that the actual steady state will contain a shock-like structure connecting single-valued branches of u (see Fig. 4 ); this will be shown to be the case in the following sections. 4 . Asymptotic Solution. We will derive an approximate asymptotic solution in the limit of large di usion for which 1. We construct a solution for all times using the method of matched asymptotic expansions. From the exact problem (3.3a-e) it is possible to determine the boundary values of s at x = 0; 1. To do so we note that (3.3b) is purely evolutionary and has no explicit spatial dependence. Therefore it is uncoupled from (3.3a) and may be solved explicitly at Similarly, at x = 1, we obtain s(1; y; t) = s 1 (y; t) = u 1 (y) b(u 1 (y)) 1 ? e ? b(u 1 (y))t :
Note that these solutions satisfy the initial conditions at t = 0. If the boundary conditions on u at x = 0; 1 were time-dependent, then s 0 ; s 1 could be generally determined using numerical integration. This allows us to easily extend our analysis to cover problems with time-dependent nonequilibrium boundary conditions. an inhomogeneous, nonlinear evolution equation for the concentration u 0 (x; y; t). We will now show how this equation can be written in a more suggestive form and then examine its behavior in the following section.
Recalling problem (3.8a-c) for the time-independent solution w motivates rewriting boundary conditions (4.9b) using (3.7) and (3.8b) as (4.14)
The solution of (4.14) will approach a steady state if the right-hand side of the equation Recall that u(x; y) is a multivalued function, and u 0 (x; y; t) is necessarily single-valued. Numerical integration of (4.14) shows that u 0 develops a shock-like structure. In regions of the plane where u(x; y) is single-valued u 0 must converge to that value. Where u is multivalued it appears that u 0 has a choice about which value it will converge to. In the next section we will demonstrate that as t ! 1 the solution approaches the discontinuous form 5. Shock Formation. In this section we will examine how evolution equations of the form (4.14) form shocks. This analysis readily applies to multidimensional problems, as will be discussed, but for ease of presentation, we will show the argument for the one-dimensional version of the problem on 0 < x < 1, To point out some of the interesting features of (5.2) we contrast it with an analogous evolution equation derived from a traditional reaction-di usion system. Consider the following reaction-di usion system, typical of systems examined by Fife 17] and others, .7) where W was de ned in (3.7). To observe the formation of shocks in the system it is essential that u = W ?1 (?) is multivalued. Typically W ?1 is taken to be a triplevalued function (the well-known \S-shaped curve," see This equation contains explicit spatial dependence, so it is no longer translation invariant. Therefore we do not expect to nd that traveling wave front solutions exist for (5.8). In fact, we will nd that (5.2) forms xed-shock solutions. Using w(x) given by (5.5) with (3.9), we can write an implicit representation of the time-independent solution De ne the \stable" branches u ? (x), u + (x) and the \unstable" branch u (x) of (5.9) as indicated in Fig. 5 . (The terms \stable" and \unstable" will be made rigorous later in this section.) If we consider general initial conditions u = u(x) at t = 0 for (5.8) we nd that there are only two cases. If u(x) intersects the unstable branch u (x) then a shock will form at the intersection point x s such that u(x s ) = u (x s ) (see Fig. 7 ). If u(x) does not intersect u (x) then a shock can only form at a turning point x m or x M (see Fig. 8 ).
As t ! 1,w vanishes exponentially quickly so we expect the steady-state Sshaped curve for (5.2) to be identical with that for (5. for (5.8) the shock position is determined by the initial condition at t = 0. For (5.2) the inhomogeneous term makes determining the shock position a more delicate question since the analysis done for (5.8) does not hold (see Fig. 9 ). Equation (5.10) does not yield any information about shock position; what we wish to obtain is an \e ective S-shaped curve" for (5.2)|a curve that determines the position of the steady-state shock for a given initial condition in our evolution equation. We will explain the formation of the shock in (5.1a-d) using a phase plane analysis. To recast (5.2) as a homogeneous phase plane system we use the change of variables In this phase plane representation, the stable branches of W ?1 correspond to stable nodes and the unstable branch corresponds to a hyperbolic saddle point (see Fig. 10 ).
Except for points on the stable manifold of the saddle point (the separatrix), all points are on trajectories that will approach one of the two stable nodes as t ! 1 (v ! 0). The separatrix is the boundary between the basins of attraction for the two stable nodes. Points on the separatrix will approach the saddle as t ! 1. On the line v = 0 are heteroclinic connections from the saddle to the stable nodes; this is the unstable manifold of the saddle. The interpretation of the phase plane is that if the initial condition u at t = 0 (v = 1) is on the separatrix for parameter x s , then as t ! 1, u will approach the unstable branch of u = W ?1 (w(x)) and will form a shock at x s connecting it to the stable branches at v = 0 (in nite time)(see Fig. 10 ). Interestingly, this can be interpreted as the statement that system (5.1a-d) only forms shocks after in nite time, a fact that was rigorously proved by Amann for all (x; y) in the region of the plane where u(x; y) is triple-valued. In this case we will nd that generally the intersection u(x s ; y s ) = u (x s ; y s ) will be a curved shock in the plane. Recall that for our problem (3.3a-e) the initial condition for the outer evolution equation is given by U 0 from problem (4.6a-c). We plot a few more dramatic examples of shock formation generated by specifying various boundary data u 0 (y), u 1 (y) (see Figs. 12, 13 ).
6. Mass-Uptake Characteristics. As described earlier, in polymer-penetrant di usion experiments observations typically include mass-uptake calculations, measurements of the amount of penetrant absorbed in the polymer lm at each instance of time steady-state value; this is called sorption overshoot. We examine how this behavior is manifested in our model (again to simplify the argument, the analysis will be presented for the one-dimensional problem). The observed rapid initial increase and gradual decrease behaviors of M(t) can be readily explained in terms of the two asymptotic regimes used for the model. To understand the behavior of the outer solution for nite time it is convenient to assume an approximate form for the solution away from the shock and determine how rapidly it converges to the steady state. The ansatz and consistent approximations used for the following analysis are given by (6.5b)
Clearly k 0 (t) will have exponential decay rates 1+! and , and k 1 (t) has exponential decay rates ! and 1+ . From Fig. 14 , time evolution of k 1 (t) tends to increase M(t) while evolution of k 0 (t) tends to decrease M(t). Therefore, depending on the values of ; !, and r, we might observe M(t) to have a local maximum or minimum then decay to a steady state, or simply monotonically go to a steady state depending on whether the contributions from k 0 (t) and k 1 (t) compete or one dominates. Therefore the Cohen{White model yields several possible classes of sorption behavior with overshoot being possible in a broad parameter range (see Fig. 15 ).
